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Self-Similar Spherical Collapse with Tidal Torque
Phillip Zukin∗ and Edmund Bertschinger
Department of Physics, MIT, 77 Massachusetts Ave., Cambridge, MA 02139
N-body simulations have revealed a wealth of information about dark matter halos however their
results are largely empirical. Using analytic means, we attempt to shed light on simulation results
by generalizing the self-similar secondary infall model to include tidal torque. In this first of two
papers, we describe our halo formation model and compare our results to empirical mass profiles
inspired by N-body simulations. Each halo is determined by four parameters. One parameter sets
the mass scale and the other three define how particles within a mass shell are torqued throughout
evolution. We choose torque parameters motivated by tidal torque theory and N-body simulations
and analytically calculate the structure of the halo in different radial regimes. We find that angular
momentum plays an important role in determining the density profile at small radii. For cosmological
initial conditions, the density profile on small scales is set by the time rate of change of the angular
momentum of particles as well as the halo mass. On intermediate scales, however, ρ ∝ r−2, while
ρ ∝ r−3 close to the virial radius.
I. INTRODUCTION
The structure of dark matter halos affects our under-
standing of galaxy formation and evolution and has im-
plications for dark matter detection. Progress in our un-
derstanding of dark matter halos has been made both
numerically and analytically. Analytic treatments began
with work by Gunn and Gott; they analyzed how bound
mass shells that accrete onto an initially collapsed object
can explain the morphology of the Coma cluster [1, 2] and
elliptical galaxies [3]. This continuous accretion process
is known as secondary infall.
Secondary infall introduces a characteristic length
scale: the shell’s turnaround radius r∗. This is the ra-
dius at which a particular mass shell first turns around.
Since the average density is a decreasing function of dis-
tance from the collapsed object, mass shells initially far-
ther away will turnaround later. This characteristic scale
should be expected since the radius of a mass shell, like
the radius of a shock wave in the Sedov Taylor solution,
can only depend on the initial energy of the shell, the
background density, and time [4]. By imposing that the
structure of the halo is self-similar – all quantities de-
scribing the halo only depend on the background density,
rta (the current turnaround radius), and lengths scaled to
rta – Bertschinger [4] and Fillmore and Goldreich (here-
after referred to as FG) [5] were able to relate the asymp-
totic slope of the nonlinear density profile to the initial
linear density perturbation.
Assuming purely radial orbits, FG analytically showed
that the slope ν of the halo density distribution ρ ∝ r−ν
falls in the range 2 < ν < 2.25 for r/rta ≪ 1. This devi-
ates strongly from N-body simulations which find ν ∼
< 1
[6, 7] or ν ∼ 1.2 [8] at their innermost resolved radius and
observations of Low Surface Brightness and spiral galax-
ies which suggest ν ∼ .2 [9] and the presence of cores [10–
12]. Though the treatment in FG assumes radial orbits
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while orbits in simulations and observed galaxies contain
tangential components, it is analytically tractable and
does not suffer from resolution limits. Numerical dark
matter simulations, on the other hand, do not make any
simplifying assumptions and have finite dynamic range.
Moreover, it is difficult to draw understanding from their
analysis and computational resources limit the smallest
resolvable radius, since smaller scales require more par-
ticles and smaller time steps. It seems natural, then, to
generalize the work done by FG in order to explain the
features predicted in simulations and observed in galax-
ies. This paper, in particular, investigates how non-radial
motion affects the structure of dark matter halos.
Numerous authors have investigated how angular mo-
mentum affects the asymptotic density profile. Ry-
den and Gunn analyzed the effects of non-radial motion
caused by substructure [13] while others have examined
how an angular momentum, or a distribution of angular
momenta, assigned to each mass shell at turnaround, af-
fects the structure of the halo [14–21]. Note that many of
these authors do not impose self-similarity. Those that
do assume that a shell’s angular momentum remains con-
stant after turnaround.
This paper extends previous work by Nusser [14].
Assuming self-similarity, he analytically calculated the
structure of the halo in different radial regimes for shells
with constant angular momentum after turnaround. He
found that the inclusion of angular momentum allows
0 < ν < 2.25. According to Hoffman and Shaham [22],
ν depends on the effective primordial power spectral in-
dex (d lnP/d lnk), which varies for different mass halos.
For galactic size halos, Nusser’s analytic work predicts
ν ∼ 1.3, in disagreement with simulation results [6, 8].
In order to address this discrepancy, we extend Nusser’s
work by including torque. We consistently keep track of a
particle’s angular momentum, allowing it to build up be-
fore turnaround because of tidal interactions with neigh-
boring protogalaxies [23] and to evolve after turnaround
because of nonlinear effects within the halo. Moreover,
we compare the predictions of our halo model to simula-
tion results.
2Self-similar secondary infall requires Ωm = 1 since a
nonvanishing ΩΛ introduces an additional scale. Apply-
ing self-similarity to halo formation in the ΛCDM model
therefore requires approximations and a mapping to ha-
los in an Einstein de-Sitter universe. We assume that
the linear power spectrum and background matter den-
sity ρ¯m today are equal in both universes so that the
statistics, masses, and length scales of halos found in the
two models are equivalent. Since the scale factor evolves
differently in both universes, the halo assembly histories
will differ.
In section II, we define our self-similar system and
torqueing parameters. In section III, we set initial con-
ditions and evolve the mass shells before turnaround. In
section IV, we describe evolution after turnaround and
then analyze the asymptotic behavior of the density pro-
file at different scales in section V. In section VI, we
give numerical results, discuss the overall structure of the
halo, and compare to N-body simulations. We conclude
in section VII.
II. SELF-SIMILAR DEFINITIONS
Here we explicitly define our self-similar system and
derive constraints on the functional form of the mass dis-
tribution within a halo and the angular momentum of
particles in a particular shell.
If the infall process is self-similar, then the halo’s ap-
pearance does not change once all lengths are scaled to
the current turnaround radius. For our analysis, we de-
fine the current turnaround radius as rta(t) ≡ Ct
β where
both C and β are positive constants. The exponent β,
as we will find, depends on the initial perturbation spec-
trum.
The evolution of a particular mass shell must depend
on time t and the shell’s turnaround time t∗. More explic-
itly, assuming spherical symmetry, we have r = R(t, t∗).
We define a self-similar system as one in which every tra-
jectory obeys the following scaling:
R(Λt,Λt∗) = Λ
βR(t, t∗) (1)
where Λ is a constant. The above implies that the tra-
jectory of one mass shell with turnaround time t1 can
be mapped to the trajectory of another mass shell with
turnaround time t2 = Λt1. The exponent β follows since
R(t1, t1)/R(t2, t2) = (t1/t2)
β .
Each shell of a self-similar system must also follow the
same equation of motion. From Newton’s law, the radial
equation of motion for a mass shell with angular momen-
tum is given by:
R¨(t, t∗) = −
GM
(
R(t, t∗), t
)
R2(t, t∗)
+
L2
(
R(t, t∗), t, t∗
)
R3(t, t∗)
(2)
where dots denote derivatives with respect to the first
argument, M is the mass of the halo interior to r and L
is the angular momentum per unit mass of a particle in
the shell. Note that we enforce the mass to not depend
explicitly on t∗, while the angular momentum can. As
we will show below, this is physically motivated. From
eq. (1), we find:
R¨(Λt,Λt∗) = Λ
β−2R(t, t∗) (3)
Plugging in eqs. (1) and (3) into eq. (2) and simplifying,
we find:
R¨(Λt,Λt∗) =− Λ
3β−2
GM
(
Λ−βR(Λt,Λt∗), t
)
R2(Λt,Λt∗)
+ Λ4β−2
L2
(
Λ−βR(Λt,Λt∗), t, t∗
)
R3(Λt,Λt∗)
(4)
Changing variables from R(t, t∗) to R(t, t∗)/Ct
β for the
mass and angular momentum and rewriting eq. (4), we
find:
R¨(Λt,Λt∗) =− Λ
3β−2
GM
(
R(Λt,Λt∗)/C(Λt)
β , t
)
R2(Λt,Λt∗)
+ Λ4β−2
L2
(
R(Λt,Λt∗)/C(Λt)
β , t, t∗
)
R3(Λt,Λt∗)
(5)
Relabeling coordinates and enforcing consistency with
eq. (2), we find the following constraints on the func-
tional forms of the mass and angular momentum.
M
(
R(t, t∗)/Ct
β , t
)
= Λ3β−2M
(
R(t, t∗)/Ct
β, t/Λ
)
(6)
L
(
R(t, t∗), t, t∗
)
= Λ2β−1L
(
R(t, t∗)/Ct
β , t/Λ, t∗/Λ
)
(7)
With the above in mind, we define the angular mo-
mentum per unit mass L of a particle in a shell at r, and
the density ρ and mass M of the halo as follows.
L(r, t) = B
r2ta(t)
t
f(λ, t/t∗) (8)
ρ(r, t) = ρB(t)D(λ) (9)
M(r, t) =
4π
3
ρB(t)r
3
ta(t)M(λ) (10)
where λ ≡ r/rta(t) is the radius scaled to the current
turnaround radius and ρB = 1/6πGt
2 is the background
density for an Einstein de-Sitter (flat Ωm = 1) universe.
Using eq. (1), it is straightforward to show:
3λ(t,Λt∗) = λ(t/Λ, t∗) (11)
Eq. (11) implies that if one can compute λ(t, t∗) for a
particular mass shell t∗ at all times, then one also knows
the position of all other mass shells, labeled by Λt∗ with
varying Λ, at a particular time. This interpretation is
very powerful and will be used later in order to calculate
the mass profile after turnaround.
If the mass profile M(λ) also depended explicitly on
t∗, then the mass would not have to grow like the back-
ground mass enclosed in the current turnaround radius.
This is clearly not physical. Hence we suppressed the ex-
plicit dependence on t∗. On the other hand, we’ve kept
the dependence on t∗ in the angular momentum in order
to have this extra freedom. Inspired by tidal torque the-
ory and numerical simulations, in eq. (8) we take f to
be:
f(λ, t/t∗) =
{
λ−γ if t < t∗,
(t/t∗)
̟+1−2β if t > t∗.
(12)
The constant B sets the amplitude of the angular
momentum at turnaround while γ (̟) controls how
quickly the angular momentum increases before (after)
turnaround. Constraints on B, γ, and ̟ will be dis-
cussed in later sections.
We’ve assumed that the halo is spherically symmetric.
While simulated halos are triaxial [24], the description
above is meant to represent an average halo. Since there
are no preferred directions in the universe, it should be
expected that a statistically averaged halo is spherically
symmetric.
In the above, L represents the angular momentum per
unit mass of all particles in the shell. We impose that
all particles in the shell have orbital planes that are ran-
domly distributed. This implies that the total vector
angular momentum of the mass shell, and hence the to-
tal angular momentum of the halo J , vanishes. Hence,
while individual particles on a mass shell gain angular
momentum in random directions throughout evolution,
on average the mass shell remains spherical. Therefore,
like we’ve assumed above, only one radial equation of
motion is necessary to describe the evolution of the shell.
Since our statistically averaged halo has a vanishing
total angular momentum, this model cannot address the
nonzero spin parameters observed in individually simu-
lated halos [25, 26]. Nor can it reproduce the nonzero
value of
〈
J2
〉
expected from cosmological perturbation
theory [27–29]. However,
∫
L2dm where dm is the mass
of a shell, does not vanish for this model. We will use this
quantity, which is a measure of the tangential dispersion
in the halo, to constrain our torque parameters.
III. BEFORE TURNAROUND
The trajectory of the mass shell after turnaround de-
termines the halo mass profile. In order to start inte-
grating at turnaround, however, the enclosed mass of the
halo must be known. For the case of purely radial orbits,
the enclosed mass at turnaround can be analytically cal-
culated [4, 5]. For the case of orbits that have a time
varying angular momentum, we must numerically evolve
both the trajectory andM(λ) before turnaround in order
to determine the enclosed mass at turnaround.
The trajectory of a mass shell follows from Newton’s
law. We have:
d2r
dt2
= −
GM(r, t)
r2
+
L2(r, t)
r3
(13)
Rewriting eq. (13) in terms of λ and ξ ≡ log(t/ti), where
ti is the initial time, and plugging in eqs. (8), (10) and
(12), we find:
d2λ
dξ2
+ (2β − 1)
dλ
dξ
+ β(β − 1)λ = −
2
9
M(λ)
λ2
+B2λ−2γ−3
(14)
The angular momentum before turnaround was chosen
so that eq. (14) does not explicitly depend on ξ. This
allows for a cleaner perturbative analysis. Since r is an
approximate power law in t at early times, we still have
the freedom to choose a particular torque model inspired
by tidal torque theory. This will be discussed at the end
of this section.
In order to numerically solve the above equation, one
must know M(λ), a function we do not have a priori.
Before turnaround, however, the enclosed mass of a par-
ticular shell remains constant throughout evolution since
no shells cross. Taking advantage of this, we relate dr/dt
to M by taking a total derivative of eq. (10). We find:
(
dr
dt
)
M
= β
r
t
− (3β − 2)Ctβ−1
M
M′
(15)
In the above, a prime represents a derivative taken with
respect to λ. Taking another derivative of the above with
respect to time, plugging into eq. (13) and simplifying,
we find an evolution equation for M:
β(β − 1)λ+ (3β − 2)(β − 1)
M
M′
− (16)
(3β − 2)2
M2M
′′
(M′)3
= −
2
9
M
λ2
+B2λ−2γ−3
Given eqns. (14) and (16), we must now specify initial
conditions when λ≫ 1. We assume the following pertur-
bative solutions for D(λ) and λ(ξ) valid at early times.
M(λ
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FIG. 1. The variation of model parameter n with halo mass.
Larger mass halos map to steeper initial density profiles.
D(λ) = 1 + δ1λ
−n + δ2λ
−p + ... (17)
M(λ) = λ3
(
1 +
3δ1
3− n
λ−n +
3δ2
3− p
λ−p + ...
)
(18)
λ(ξ) = λ0e
(2/3−β)ξ(1 + λ1e
α1ξ + λ2e
α2ξ + ...) (19)
In the above, n characterizes the first order correction
to the background density. It is related to the FG pa-
rameter ǫ through n = 3ǫ. It is also related to the ef-
fective power spectral index neff = d lnP/d ln k through
n = neff + 3 [22]. Since neff depends on scale and hence
halo mass (Appendix A), we have a relationship between
n and halo mass. As Figure 1 shows, larger mass halos
have larger n. This is expected since larger smoothing
lengths imply steeper initial density profiles. As in FG,
we restrict 0 < n < 3 so that the density decreases with
radius while the mass increases. We examine this whole
range for completeness even though n > 1.4 corresponds
to objects larger than galaxy clusters. The exponent p
characterizes the next order correction to the background
density caused by angular momentum. Consistency with
our perturbative expansion (eqs. 17 through 19) demands
that we take n < p < 2n. However, it is straightforward
to generalize to other cases (Section III A). As we show
below, the constants {δ2, λ1, λ2, α1, α2} are set by the
equations of motion. The constants {δ1, λ0} are set by
boundary conditions. Plugging eq. (18) into eq. (16) and
enforcing equality between terms proportional to λ1−n
we find two possible solutions.
β =
2
3
(
1 +
1
n
)
(20)
β =
2
3
(
1−
3
2n
)
(21)
These represent the two solutions to the second order
differential equation (eq. 16). For the first case, the
turnaround radius grows faster than the Hubble flow
while for the second it grows slower. Hence, the first
solution represents the growing mode of the perturba-
tion while the second is the decaying mode. Since we
are interested in the growth of halos, we will only con-
sider the growing mode from now on. Next, imposing
p = 2γ+4 and enforcing equality between terms propor-
tional to λ1−p in eq. (16), we find:
δ2 =
9n2B2(p− 3)
2(p− n)(3n+ 2p)
(22)
Comparing eqs. (18) and (22), we see that the correc-
tion to the initial mass caused by angular momentum is
negative since p > n. This is expected since the angular
momentum acts against gravity.
Next, we find constraints for the parameters in eq. (19).
Plugging in eq. (19) into eq. (14) and setting terms linear
in δ1, δ2, λ1, and λ2 equal to each other, we find:
α1 =
2
3
(23)
λ1 =
δ1
n− 3
λ−n0 (24)
α2 = p
(
β −
2
3
)
(25)
λ2 =
δ2
p− 3
λ−p0 (26)
Eqns. (17) through (26) set the initial conditions for
eqs (14) and (16). We evolve λ and M and choose
{λ0, δ1} such that turnaround occurs (dλ/dξ = −λβ)
when λ = 1. The free parameters for evolution before
turnaround are {n,B, p}. For the zero angular momen-
tum case analyzed in FG, the enclosed mass is the same
regardless of n;M(1) = (3π/4)2. Including torque, how-
ever, we find that the enclosed mass depends on the pa-
rameters B and p. Figure 2 shows a contour plot of
16M(1)/9π2 for n = 1. As expected, the enclosed mass
at turnaround must be larger than the no-torque case
in order to overcome the additional angular momentum
barrier. B sets the amplitude of the angular momen-
tum while p controls how the angular momentum grows
in comparison to the mass perturbation. Larger B and
smaller p correspond to stronger torques on the mass
shell. Contour plots with different values of n give the
same features.
The above perturbative scheme ensures that the inclu-
sion of angular momentum preserves cosmological initial
conditions. Analyzing eq. (19) for ξ → −∞, and using
eqs. (23) and (25), we see that since p > n, the angular
momentum correction is subdominant to the density per-
turbation correction. More importantly, at early times,
the shell moves with the Hubble flow. Last, in order
to be consistent with cosmological initial conditions, the
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FIG. 2. Contour plot of 16M(1)/9π2 for n = 1 as a function of
torquing parameters B and p. Smaller p and larger B result in
larger torques on the mass shell. These larger torques require
bigger enclosed masses at turnaround, in order to counteract
the stronger angular momentum barrier.
angular momentum of particles within a mass shell must
vanish at early times. Imposing r ∝ t2/3, and plugging
into eq. (8), we find that L ∝ t(1+p/n)/3. Hence, for all
values of p we consider, the angular momentum vanishes
at early times and has a value of Br2∗/t∗ at turnaround.
Note that shells which turn around later have larger an-
gular momentum.
A. Tidal Torque Theory
According to Hoyle’s tidal torque mechanism, mass
shells before turnaround gain angular momentum
through their interactions with the tidal fields of neigh-
boring protogalaxies [23]. Peebles claimed that the angu-
lar momentum of protogalaxies in an Einstein de-Sitter
universe grows as t5/3 [27] while Doroshkevich showed
that for non-spherical regions, the angular momentum
grows as t [28, 29]. White confirmed Doroshkevich’s anal-
ysis with N-body simulations [28]. Since the net angular
momentum of our model’s halo vanishes, we will instead
use σ˜2, defined below, to constrain p and B.
σ˜2 ≡
∫
VL
dm|(r − r0)× (v − v0)|
2 (27)
In the above, we integrate over the Lagrangian volume VL
of the halo, r and v are the physical radius and velocity
of particles within the halo, r0 is the center of mass of the
halo and v0 ≡ v(r0). As described earlier in this section,
λ ≫ 1 corresponds to early times when the halo is lin-
ear. Therefore, since our model represents a statistically
averaged halo, we can calculate
〈
σ˜2
〉
using cosmological
linear perturbation theory and compare to expectations
from our model.
Using the Zel’dovich approximation [30], assuming a
spherical Lagrangian volume with radius R, and working
to first order, we find:
〈
σ˜2
〉
M
= 6a4D˙2Mx2maxA
2(R) (28)
where M is the mass of the halo, a is the scale factor,
D is the linear growth factor, dots denote derivatives
with respect to proper time, xmax is the lagrangian radius
of the volume, R is the spherical top hat radius for a
halo of massM and A(R) is a time independent function
defined in Appendix B which has units of length. Note
that the scale factor a and D˙ are the only quantities
which vary with time. For a matter dominated universe,
(
〈
σ˜2
〉
M
)1/2 ∝ t, just as in the White analysis. This is
expected since the Lagrangian mass is time independent.
Next we calculate eq. (27) from the perspective of our
model. Using eqns. (8), (10), and (12) and assuming first
order corrections to M are negligible, we find:
σ˜2 =
∫ rmax
rmin
B2
r4ta
t2
λ−2γ
∂M(r, t)
∂r
dr
=
4π
3− 2γ
B2ρB(t)r
7
ta(t)
t2
[
λ3−2γmax (t)− λ
3−2γ
min (t)
]
(29)
The lower limit of integration sets an effective smoothing
length which we choose to be λ ≫ 1 so that we only
count shells that are still described by linear theory. The
upper limit of integration is required since all the mass in
the universe does not go into the halo. Since p = 2γ + 4
and n < p < 2n, then for the range of n we consider,
2γ < 3 and the angular momentum of the protogalaxy
is dominated by shells close to rmax. Equating eqs. (28)
and (29) and assuming the first order corrections to rmax
in eq. (19) are negligible, we find p = 2n and:
B =
2
3
√
2(7− 2n)M(1)(n−1)/3
A(R)
R
(30)
Eqs. (28) and (30) are derived in Appendix B. Note that
the perturbative analysis, presented above, which is used
to calculate M(1) is not valid for p = 2n. Redoing the
analysis for this special case, we find:
α2 =
4
3
(31)
δ2 =
9
14
B2(2n− 3) +
(7n− 17)(2n− 3)
7(n− 3)2
δ21 (32)
λ2 =
9
14
λ−2n0
(
B2 −
2
3
δ21
(n− 3)2
)
(33)
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FIG. 3. The variation of model parameter B with halo mass.
B sets the angular momentum of particles at turnaround.
For the remainder of this paper we impose p = 2n, so
that angular momentum grows in accordance with cos-
mological perturbation theory, and set n according to
the halo mass. Unfortunately, when comparing to N-
body simulations (Section VIA), eq. (30) overestimates
the angular momentum of particles at turnaround by a
factor of 1.5 to 2.3. We discuss possible reasons for this
discrepancy in Appendix B. For convenience, B1.5 (B2.3)
denotes B calculated using eq. (30) with the right hand
side divided by 1.5 (2.3). As described above, M(1) in
eq. (30) depends on B. Therefore, in order to find B, we
calculate B and M(1) iteratively until eq. (30) is satis-
fied.
The relationship between n and neff as well as tidal
torque theory implies that {n, p,B} are all set by the
halo mass. Figure 3 shows the variation of B with halo
mass. A(R) increases with halo mass since more power at
large scales is included; R also increases with halo mass.
These two competing effects cause a slight variation in B
over seven orders of magnitude in halo mass.
IV. AFTER TURNAROUND
Given the enclosed mass found at turnaround, we now
solve for the trajectory and mass profile after turnaround.
For convenience, we redefine the time variable to be
ξ ≡ ln(t/tta), where tta is the current turnaround time.
The trajectory’s evolution equation after turnaround,
with the appropriate torque model (eq. 12), is shown be-
low.
d2λ
dξ2
+(2β−1)
dλ
dξ
+β(β−1)λ = −
2
9
M(λ)
λ2
+
B2
λ3
e2(̟+1−2β)ξ
(34)
The torque model after turnaround was chosen to not
explicitly depend on r, since r begins to oscillate on
a much faster timescale than the growth of the halo.
Nusser [14] and Sikivie et al. [17] focused on the case
̟ = 0. However, as was discussed before, this results in
density profiles steeper than what is predicted by numer-
ical simulations.
There are a number of dynamical processes that can
cause a particle’s angular momentum to evolve after
turnaround. Dynamical friction [31] transfers the an-
gular momentum of massive bound objects – like black
holes, globular clusters and merging satellite galaxies –
to the background halo. A massive black hole at the
center of the halo that dominates the potential at small
scales tends to make the velocity dispersion isotropic [32–
34]. Bars [35, 36] and supermassive black hole binaries
[37, 38] are also expected to perturb the dark matter
velocity distribution. While the torque model proposed
after turnaround is clearly very simplistic and may not
accurately describe some of the above phenomena, it still
allows us to get intuition for how torques acting on mass
shells change the structure of the halo.
Analytically calculating ̟ is difficult since the halo af-
ter turnaround is nonlinear. In Appendix C, we show
in a simplistic manner how ̟ is sourced by substruc-
ture and argue that dark matter dominated substructure
should cause steeper density profiles than baryon domi-
nated substructure. In order to properly constrain ̟, N-
body simulations are required. This is beyond the scope
of this work.
The initial conditions for eq. (34), enforced in the
above section, are λ(ξ = 0) = 1 and dλ/dξ(ξ = 0) = −β.
As discussed before, self-similarity implies that all mass
shells follow the same trajectory λ(ξ). Hence, λ(ξ) can
either be interpreted as labeling the location of a partic-
ular mass shell at different times, or labeling the location
of all mass shells at a particular time. We take advan-
tage of the second interpretation in order to calculate the
mass profile.
After turnaround, shells cross since dark matter is col-
lisionless. Therefore, the mass interior to a particular
shell does not stay constant. However, since λ(ξ) spec-
ifies the location of all mass shells at a particular time,
the mass interior to a given scale is simply the sum of all
mass shells interior to it. The mass profile is then given
by [4, 5]:
M(λ) =
2
n
M(1)
∫ ∞
0
dξ exp[−(2/n)ξ]H [λ− λ(ξ)]
=M(1)
∑
i
(−1)i−1 exp[−(2/n)ξi] (35)
where M(1) is the normalization constant found in the
prior section, H [u] is the heaviside function, and ξi is the
ith root that satisfies λ(ξ) = λ. The above is straightfor-
ward to interpret. The roots ξi label shell crossings at a
particular scale and the exponential factor accounts for
7the mass difference between shells that turn around at
different times.
Since the trajectory and the mass profile depend on
each other, it is necessary to first assume a mass profile,
then calculate the trajectory from eq. (34) and resulting
mass profile from eq. (35) and repeat until convergence
is reached.
The density profile D(λ) is straightforward to derive
using eqs. 9, 10 and 35. We find [4, 5]:
D(λ) =
1
3λ2
dM
dλ
=
2
3n
M(1)
λ2
∑
i
(−1)i exp[−(2/n)ξi]
(
dλ
dξ
)−1
i
(36)
V. ASYMPTOTIC BEHAVIOR
Unlike N-body experiments, self-similar systems are
not limited by resolution. One can analytically infer the
asymptotic slope of the mass profile close to the origin.
FG did this by taking advantage of adiabatic invariance,
self-consistently calculating the mass profile, and ana-
lyzing the limit of the mass profile as λ → 0. Below,
we generalize their analysis to the case of particles with
changing angular momentum. Unlike Nusser [14], we do
not restrict our analysis to the case ̟ = 0.
Just as in FG, we start by parameterizing the halo
mass and the variation of the apocenter distance ra.
M(r, t) = κ(t)rα (37)
ra
r∗
=
(
t
t∗
)q
(38)
In the above r∗ is the turnaround radius of a mass shell
which turns around at t∗. It is possible to relate q and
α to n by taking advantage of adiabatic invariance. The
equation of motion for the mass shell is:
d2r
dt2
= −Gκ(t)rα−2 +
L2(t)
r3
(39)
At late times, the orbital period is much smaller than
the time scale for the mass and angular momentum to
grow. Taking κ(t) and L(t) to stay roughly constant over
an orbit and integrating the above equation, we find the
energy equation:
(
dr
dt
)2
=
2Gκ(t)
α− 1
(rα−1a −r
α−1)−L2(t)(r−2−r−2a ) (40)
The above relationship tells us how the pericenters rp
evolve with time. Note that we only consider torquing
models (eq. 12) which give rise to bound orbits. This
restriction on ̟ will be discussed below. Defining y ≡
rp/ra and evaluating the above at r = rp, we find:
1− yα−1
y−2 − 1
≡ A(y) =
(α− 1)L2(t)
2Gκ(t)rα+1a (t)
(41)
For ̟ > (<) 0, the angular momentum of particles in
the mass shell increases (decreases). This gives rise to
pericenters that increase (decrease). Hence at late times,
the orbit of a mass shell with increasing angular momen-
tum will circularize and have y ∼ 1, while the orbit of
a mass shell with decreasing angular momentum will be-
come more radial, with y ≪ 1. With this in mind, we
can now calculate the radial action in order to find how
q relates to n and α. The radial action is given by:
J = 2
∫ ra
rp
dr
(
dr
dt
)
= 2
(
2Gκ(t)
α− 1
)1/2
r(α+1)/2a ×∫ 1
y(t)
du
[
(1− uα−1)−A(y)(u−2 − 1)
]1/2
(42)
In the above we’ve assumed α > 1. Generalizing to
the case α < 1 is straightforward. The special case α = 1
will be addressed later. For y(t) ≪ 1, the above inte-
gral is dominated by the region in which y(t) ≪ u ≪ 1.
Over this region, the integrand is time independent and
hence the same for all orbits. Therefore adiabatic in-
variance implies κ(t)rα+1a = const. For y(t) ∼ 1, the
orbit is circular, which implies the radial action vanishes
and L2(t) = Gκ(t)rα+1a . Using eq. (38), and noting that
κ(t) ∝ ts where s = 3β − 2− αβ, we find at late times:
q =
{
1
α+1{2̟+
2
3n [α(1 + n)− 3]} if ̟ ≥ 0
2
3n(α+1) [α(1 + n)− 3] if ̟ < 0
(43)
For the specific case, ̟ < 0, taking advantage of y ≪ 1,
the adiabatic invariance arguments above, and eqs. (8)
and (12), we can rewrite eqn. (41) in the form y(t, t∗) =
y0(t/t∗)
l, where:
l =
{
̟ if α > 1,
2̟/(α+ 1) if α < 1.
(44)
and y0r∗ is the pericenter of a mass shell at turnaround.
Constant angular momentum after turnaround corre-
sponds to ̟ = 0. This case was addressed analytically
in [14] and numerically in [17].
We next take advantage of the functional form of the
mass profile. Following FG, we define P (r/ra, y) to be
the fraction of time a particle with apocenter distance ra
and pericenter yra, at a particular time t, spends inside
r.
8P (v, y) = 0 (v < y)
P (v, y) =
I(v, y)
I(1, y)
(y < v ≤ 1)
P (v, y) = 1 (v > 1) (45)
where
I(v, y) ≡
{∫ v
y
du
((1−uα−1)−A(y)(u−2−1))1/2
if α > 1,∫ v
y
du
((uα−1−1)+A(y)(u−2−1))1/2
if α < 1.
(46)
We see that the presence of pericenters causes the new
case v < y, which did not exist in the FG analysis. Self
consistency demands that
(
r
rta
)α
=
M(r, t)
M(rta, t)
=
∫ Mta
0
dM∗
Mta
P
(
r
ra(t, t∗)
, y(t, t∗)
)
(47)
whereM∗ is the mass internal to a shell that turns around
at t∗ and Mta is the current turnaround mass. The in-
tegral assigns a weight to each shell depending on how
often that shell is below the scale r. Noting from eq. (10)
that
M∗ = Mta
(
t∗
t
)3β−2
, (48)
using eq. (38) and transforming integration variables, we
find:
(
r
rta
)α−k
= k
∫ ∞
r/rta
du
u1+k
P (u, y(t, t∗)) (49)
where
k =
6
2 + n(2 − 3q)
(50)
As u increases, the above integral sums over shells with
smaller t∗. Since the pericenter of a shell evolves with
time, the second argument of P depends on u. The de-
pendence, as we showed, varies with torque model (sign
of ̟); hence we’ve kept the dependence on u implicit.
Next we analyze the above for certain regimes of r/rta,
and certain torquing models, in order to constrain the
relationship between α and k.
A. r/rta ≪ y0, ̟ < 0
For̟ < 0, particles lose angular momentum over time.
When probing scales r/rta ≪ y0, mass shells with t∗ ≪
tta only contribute. As a result, y(t, t∗) ≪ 1. Using eq.
(44), we then find:
y(t, t∗) = y0
(
t
t∗
)l
= y0
(
r
urta
)δ
(51)
where δ ≡ l/(q − β). For bound mass shells, q − β < 0.
Therefore, since δ > 0, the first argument of P in eq. (49)
increases while the second decreases as we sum over shells
that have turned around at earlier and earlier times (u→
∞). For r/rta ≪ y0, mass shells which most recently
turned around do not contribute to the mass inside r/rta
since we are probing scales below their pericenters. Mass
shells only begin to contribute when the two argument of
P are roughly equal to each other. This occurs around:
u = y1 ≡
(
y0(r/rta)
δ
)1/(1+δ)
(52)
Hence, we can replace the lower limit of integration in
eq. (49) with y1. We next want to calculate the behavior
of eq. (49) close to y1 in order to determine whether the
integrand is dominated by mass shells around y1 or mass
shells that have turned around at much earlier times.
The first step is to calculate the behavior of P (u, y) for
u ≈ y. We find:
P (u, y) ∝ u1/2(1 − y/u)1/2 ×
{
y1/2 if α > 1,
y1−α/2 if α < 1.
(53)
Given the above, we evaluate the indefinite integral in
eq. (49), noting that y is a function of u (eq. 51). For
u ∼ y1, we find:
∫
du
u1+k
P
(
u, y0
(
r
urta
)δ)
∝ (u/y1 − 1)
3/2
{
y1−k1 if α > 1,
y
3/2−k−α/2
1 if α < 1.
(54)
Now comes the heart of the argument. Following the
logic in FG, if we keep u/y1 fixed and the integrand blows
up as r/rta → 0, then the left hand side of eq. (49) must
diverge in the same way as the right hand side shown in
eq. (54). Therefore, using eq. (52):
α− k =
{
δ(1 − k)/(1 + δ) if α > 1,
δ(3/2− k − α/2)(1 + δ) if α < 1.
(55)
Otherwise, if the right hand side converges, then the inte-
grand will not depend on r/rta as r/rta → 0. Therefore,
the left hand side cannot depend on r/rta either, which
implies α = k. Solving the above system of equations
9for α given eqs. (43) and (50) and making sure the solu-
tion is consistent, (ie: using eq. (55) only if the integrand
diverges), we find:
For n ≤ 2 :
α =
1 + n−
√
(1 + n)2 + 9n̟(n̟ − 2)
3n̟
k =
1 + n+ 3n̟ −
√
(1 + n)2 + 9n̟(n̟ − 2)
n̟(4 + n)
q =
1 + n− 3n̟ −
√
(1 + n)2 + 9n̟(n̟ − 2)
3n
For n ≥ 2 :
α = k =
3
1 + n
, q = 0 (56)
The above solutions are continuous at n = 2. Moreover,
taking the no-torque limit (̟ → 0) for n ≤ 2 gives the
same solutions as n ≥ 2, which is consistent with analytic
and numeric results from [14, 17]. Taking the limit, ̟ →
−∞ reproduces the FG solution, as expected, since the
shell loses its angular momentum instantly. The solution
for n ≥ 2 is independent of̟. This is because the mass is
dominated by shells with turnaround time t∗ ≪ tta which
have effectively no angular momentum. In other words,
for ̟ < 0, the solution should only depend on torquing
parameters when the mass is dominated by shells that
have turned around recently.
B. r/rta ≪ y0, ̟ > 0
For̟ > 0, the angular momentum of particles increase
with time. As mentioned above, when probing scales
r/rta ≪ y0, mass shells with t∗ ≪ tta only contribute.
As a result, y(t, t∗) ∼ 1. In other words, the orbits are
roughly circular. We can therefore replace the lower limit
of integration in eq. (49) with 1 since mass shells will only
start contributing to the sum when u ∼ y ∼ 1. Hence,
the right hand side of eq. (49) does not depend on r/rta,
which implies α = k. Using eq. (43) and (50), we find:
α = k =
3
1 + n− 3n̟
, q = 2̟ , for 0 ≤ n ≤ 3
(57)
The no torque case, ̟ = 0, is consistent with the
analysis in the prior subsection. The singularity ̟ =
(1+n)/3n implies q = β. This physically corresponds to
the orbital radius of mass shells increasing at the same
rate as the turnaround radius and results in orbits that
are not bound and a cored profile where there are no
particles internal to a particular radius. This breaks the
assumption of a power law mass profile (eq. 37); hence
we only consider ̟ < (1 + n)/3n.
Unlike the Nusser solution, certain parameters give
α > 3, which corresponds to a density profile which con-
verges as r → 0. Since the angular momentum acts like a
heat source dρ/dr > 0 is dynamically stable and physical.
C. y0 ≪ r/rta ≪ 1
In this regime, we are probing scales larger than the
pericenters of the most recently turned around mass
shells. As a result, P (u, y) is dominated by the contribu-
tion from the integrand when u≫ y. Therefore:
P (u, y) ∝
{
u if α > 1,
u(3−α)/2 if α < 1.
(58)
Hence the integral in eq. (49) becomes:
∫
du
u1+k
P (u, y(t, t∗)) ∝
{
u1−k if α > 1,
u3/2−k−α/2 if α < 1.
(59)
Following the logic in the prior section, if the integral
diverges as r/rta → 0, then we set the exponents on the
left hand side and right hand side equal to each other
so that both sides diverge in the same way. If the inte-
gral converges, then the left hand side cannot depend on
r/rta, which implies α = k. Given these arguments, and
imposing consistency with the above inequalities on α to
find the appropriate ranges for n, we find:
α = 1 , k =
6
4 + n
, q =
n− 2
3n
, for n ≤ 2
α = k =
3
1 + n
, q = 0 , for n ≥ 2
(60)
The above is exactly the FG solution. We expect to
recover these solutions since we are probing scales larger
than the pericenters of the most massive shells, where
the angular momentum does not affect the dynamics.
This section assumed α 6= 1 and yet, for certain parts
of parameters space, eqs. (56), (57) and (60) give α = 1.
However, since the solutions are continuous as α → 1
from the left and right, then the results hold for α = 1
as well.
VI. STRUCTURE OF THE HALO
In this section, we discuss the radial structure of galac-
tic size halos and compare directly to numerical N-body
simulations. Note however, that the mass of a halo is not
well defined when our model is applied to cosmological
structure formation since it is unclear how the spherical
top hat mass which characterizes the halo when it is lin-
ear relates to the virial mass which characterizes the halo
when it is nonlinear. For halos today with galactic size
virial masses, we assume the model parameter n which
characterizes the initial density field, is set by a spherical
top hat mass of 1012M⊙. As described in prior sections,
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specifying the top hat mass also sets model parameters B
and p. Before comparing directly to N-body simulations,
we first describe how ̟ influences the halo.
Figure 4 shows the mass M(λ) and density profiles
D(λ) for galactic size halos {n = 0.77, p = 2n,B1.5 =
0.39} with varying ̟. The spikes in the density pro-
file are caustics which form at the shell’s turning points.
They form because of unphysical initial conditions; we as-
sume each shell has zero radial velocity dispersion. The
structure of the halos naturally break down into three
different regions. The dividing points between these re-
gions are roughly the virial radius (rv) and y0rta, the
pericenter of the mass shell which most recently turned
around.
As in dark matter N-body simulations, we associate
the virial radius with r200, the radius at whichM(r200) =
800πρBr
3
200/3 is satisfied. Numerically, we find that the
virial radius occurs near the first caustic (λ ∼ .18). For
r > rv, the mass profile flattens and then starts to in-
crease. The flattening is equivalent to what is seen on
large scales in N-body simulations where ρ ∝ r−3. The
mass profile then starts to increase again because at large
radii, where λ≫ 1, the density is roughly constant, which
implies M ∝ λ3. For r ∼ rv, it is difficult to make an-
alytic predictions for the mass profile because adiabatic
invariance breaks down. In other words, the mass of the
halo and angular momentum of a shell change on the
same time scale as the shell’s orbital period.
As discussed in the prior section, for y0rta ≪ r ≪ rv,
we can take advantage of adiabatic invariance to infer the
logarithmic slope of the mass profile. Since this regime
probes a scale much larger than the pericenters of the
mass shells, the angular momentum does not affect the
dynamics and we recover the FG solution. For our par-
ticular choice of n = 0.77, this gives an isothermal profile
with ρ ∝ r−2. However, since n < 2 for all collapsed
objects today (Figure 1) and based on the results of FG,
our model predict that all halos are isothermal in this
regime.
Last, for r/rta ≪ y0, angular momentum begins to
play a role and the halo starts to exhibit different features
than the FG solution. The behavior is very intuitive. The
mass of a particular shell does not contribute to the in-
ternal mass when probing radii less than the pericenter
of that mass shell. Therefore, as one probes radii smaller
than the pericenter of the most recently turned around
mass shell, one expects a steeper fall off than the FG so-
lution, since less mass is enclosed interior to that radius.
Moreover, varying ̟ varies the pericenter of mass shells
over time. Increasing (decreasing) angular momentum,
̟ > (<) 0, causes the pericenters to increase (decrease)
over time. This results in profiles which are steeper (shal-
lower) than the no-torque case.
It is informative to find how the transition radius y0
depends on model parameters. Since the mass and angu-
lar momentum grow significantly before the first pericen-
ter, we can only approximately determine this relation-
ship. We assume that the profile is isothermal on large
0.001 0.01 0.1 1
1x10-6
1x10-5
1x10-4
0.001
0.01
0.1
1
ϖ = − 0.4
ϖ = − 0.2
ϖ = 0
ϖ = 0.2
ϖ = 0.4
λ
M
(λ
)
rv∕rtay0
0.001 0.01 0.1 1
λ
10
100
1x103
1x104
1x105
1x106
D
(λ
)
ϖ = − 0.4
ϖ = − 0.2
ϖ = 0
ϖ = 0.2
ϖ = 0.4
y0 rv∕rta
FIG. 4. The mass and density profiles for galactic size halos
{n = 0.77, p = 2n,B1.5 = 0.39} with varying ̟. The value
of ̟ changes how pericenters evolve with time and thereby
affects how many shells at a particular scale contribute to
the internal mass. The above numerically computed profiles
match analytic predictions. The virial radius (rv) and first
pericenter passage (y0rta) are labeled for clarity.
scales and the halo mass and shell angular momentum
are fixed to their turnaround values. For y0 ≪ 1, the
transitional radius y0 solves the transcendental equation
y20 ln(y0) = −9B
2/4M(1). As expected, B → 0 repro-
duces y0 → 0. As shown in Figure 2, M(1) varies with
{B, p}. However, for reasonable parameter values, the
mass normalization is changed at most by a factor of 2.
Therefore, y0 most strongly depends on B, and p has a
negligible effect on the structure of the halo. As seen in
figure 4, y0 should also depends on ̟. The above ap-
proximation neglects this dependence since we assumed
the angular momentum is set to the turnaround value.
Figure 5 shows the radius of a mass shell, normal-
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FIG. 5. The radius of a mass shell, normalized to its
turnaround radius, for a galactic size halo {n = 0.77, p =
2n,B1.5 = 0.39}, plotted vs time. The top panel shows a
shell with particles that have decreasing angular momentum
(̟ = −0.2). The middle panel shown a shell with particles
that have constant angular momentum (̟ = 0). The bottom
panel shows a shell with particles that have increasing angular
momentum (̟ = 0.2).
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FIG. 6. A phase space diagram of a galactic size halo {n =
0.77, p = 2n,B1.5 = 0.39} at the current turnaround time.
Velocities are normalized to the turnaround time and radius
of each shell. The top panel shows a halo with ̟ = −0.2. The
middle panel shows a halo with ̟ = 0. The bottom panel
shows a halo with ̟ = 0.2.
12
ized to its turnaround radius r∗, for a galactic size halo
{n = 0.77, p = 2n,B1.5 = 0.39}, as a function of time.
In the top panel, particles in the shell lose angular mo-
mentum (̟ = −0.2), in the middle panel the angular
momentum remains constant (̟ = 0), while in the bot-
tom panel particles in the shell gains angular momentum
(̟ = 0.2). As expected, the pericenters in the top panel
decrease with time while the pericenters grow in the bot-
tom panel. Hence, the orbits of particles with decreasing
angular momentum become more radial while those with
increasing angular momentum become more circular.
Notice that the period of oscillation also varies for dif-
ferent ̟. The period of oscillation is set by the shell’s
apocenter ra and the mass internal to ra. Using the adi-
abatic invariance relations we found in Section V and
assuming Kepler’s third law, we find that the period of
the orbit P ∝ r2a for shells with decreasing angular mo-
mentum and P ∝ ra for shells with increasing angular
momentum. Moreover, from eqs. (56) and (60), ra de-
creases (increases) with time for ̟ < (>) 0. Though
Kepler’s third law doesn’t hold for this system, it still
gives intuition for the above results.
Figure 6 shows the phase space diagram for a galactic
size halo {n = 0.77, p = 2n,B1.5 = 0.39}. In the top
panel, the particles in the shell lose angular momentum
(̟ = −0.2), in the middle panel the angular momentum
remains constant (̟ = 0), while in the bottom panel the
particles in the shell gain angular momentum (̟ = 0.2).
The diagram labels the phase space point of every shell at
the current turnaround time. All radial velocities are nor-
malized to the shell’s turnaround time t∗ and radius r∗.
Unlike FG, the presence of angular momentum results in
caustics associated with pericenters as well, which can be
seen in the lower panel of Figure 4. In addition, since an
increasing angular momentum results in increasing peri-
centers, the pericenter caustics are more closely spaced in
the lower panel than in the upper panel. Moreover, the
amplitude of the radial velocity is smaller in the lower
panel because orbits are circularizing. The phase space
curve appears to intersect itself because we did not plot
the tangential velocity component. In full generality, the
distribution in the phase space (r, vr , vt = L/r) for our
model is a non-self-intersecting one-dimensional curve.
A. Comparing with N-body Simulations
In this subsection, we compare the density profile of
our model’s halo to empirical fits inspired by N-body
simulations. We first numerically calculate the density
profile for a galactic size halo with ̟ = 0.12. This
value of ̟ was chosen so that ρ ∝ r−1 on small scales.
We then compute the spherically averaged density in 50
spherical shells equally spaced in log10 r over the range
1.5 × 10−4 < r/rv < 3, and take rv = r200 (defined
above). This is the same procedure followed with the
recent Aquarius simulation [6]. Next, we calculate r−2,
the radius where r2ρ reaches a maximum. For our halo,
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FIG. 7. Spherically averaged density profile for the secondary
infall model compared with NFW and Einasto profiles. The
secondary infall model is calculated for a galactic size halo
{n = 0.77, p = 2n} with ̟ = .1167. In the top panel we chose
B1.5 = 0.39 while in the bottom panel we chose B2.3 = 0.26.
as discussed above, the profile is isothermal over a range
of r. Moreover, the maximum peaks associated with the
caustics are unphysical. So, we choose a value of r−2
in the isothermal regime that gives good agreement with
the empirical fits. Changing r−2 does not change our
interpretation of the results.
In Figure 7 we compare our spherically averaged den-
sity profile to NFW and Einasto profiles. We plot r2ρ in
order to highlight differences. The NFW profile is given
by [39]:
ρ(r) =
4ρ−2
(r/r−2)(1 + r/r−2)2
(61)
while the Einasto profile is given by:
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ln
[
ρ(r)/ρ−2
]
= (−2/αE)[(r/r−2)
αE − 1] (62)
where ρ−2 is the density of our halo at r−2 and αE , known
as the shape parameter, sets the width of the r2ρ peak.
In the top panel, we use B1.5 = .39 while in the bottom
panel, we use B2.3 = .26. We choose αE = 0.159 since
this value was used in Figure 3 of Navarro et. al. [6].
We see that the secondary infall model works surpris-
ingly well. The peaks are a result of the caustics that
arise because of cold radial initial conditions. The first
spike on the right comes from the first apocenter passage
while the second comes from the first pericenter passage.
The location of pericenter is most strongly influenced by
the model parameter B. Hence, the isothermal region is
smaller in the top panel than in the bottom panel since
particles have less angular momentum at turnaround in
the lower panel than in the upper panel. The parameter
B then plays the same role as αE ; it sets the width of
the isothermal region. If we assume N-body simulations
faithfully represent dark matter halos, then Figure 7 im-
plies that our estimate of B in eq. (30) overestimates the
actual value by 1.5 to 2.3. We discuss possible reasons
for this in Appendix B.
VII. DISCUSSION
N-body simulations reveal a wealth of information
about dark matter halos. Older simulations predict den-
sity profiles that are well approximated by an NFW pro-
file [39], while more recent simulations find density pro-
files that fit better with a modified NFW profile [40] or
the Einasto profile [6]. In an attempt to gain intuition
for these empirical profiles, we’ve generalized the self-
similar secondary infall model to include torque. This
model doesn’t suffer from resolution limits and is much
less computationally expensive than a full N-body simu-
lation. Moreover, it is analytically tractable. Using this
model, we were able to analytically calculate the density
profile for r/rta ≪ y0 and y0 ≪ r/rta ≪ 1. Note that
the self-similar framework we’ve extended predicts power
law mass profiles on small scales. Hence, it is inconsistent
with an Einasto profile.
It is clear from our analysis that angular momentum
plays an essential role in determining the structure of
the halo in two important ways. First, the amount of
angular momentum at turnaround (B) sets the width of
the isothermal region. Second, the presence of pericenters
softens the inner density slope relative to the FG solution
because less mass shells contribute to the enclosed mass.
Moreover, the interior density profile is sensitive to the
way in which particles are torqued after turnaround (̟).
If we assume that ̟ is constant for all halos, then this
secondary infall model predicts steeper interior density
profiles for larger mass halos. More specifically, if we use
the value of̟ = 0.12 which gave ρ ∝ r−1 for galactic size
halos, then ρ ∝ r−0.66 for a 108M⊙ halo and ρ ∝ r
−1.42
for a 1015M⊙ halo. This trend towards steeper interior
slopes for larger mass halos, and hence non-universality,
has been noticed in recent numerical simulations [41, 42]
as well as more general secondary infall models [43]. On
the other hand, if we assume that all halos have ρ ∝ r−1
as r → 0, then ̟ must vary with halo mass. More specif-
ically, halos with mass M < 109M⊙ must have particles
which lose angular momentum over time (̟ < 0) while
halos with mass M > 109M⊙ must have particles which
gain angular momentum over time (̟ > 0). In other
words, in order for our self-similar framework to predict
universal density profiles, ̟ must conspire to erase any
dependence on initial conditions. A more thorough treat-
ment requires the use of N-body simulations, which is
beyond the scope of this paper.
It is also possible to predict a dark matter halo’s den-
sity distribution if one assumes a mapping between a
mass shell’s initial radius, when the structure is linear,
to its final average radius, which is some fraction of its
turnaround radius. From this scheme, one can also infer
a velocity dispersion, using the virial theorem. Unfortu-
nately, this scheme does not give any information about
the halo’s velocity anisotropy. Our self-similar prescrip-
tion discussed above, on the other hand, contains all of
the velocity information. Hence, one can reconstruct the
velocity anisotropy profile given the trajectory of a mass
shell. The velocity anisotropy is significant since it de-
scribes to what degree orbits are radial. Moreover, it can
break degeneracies between n and ̟ in our halo model.
We will discuss the velocity structure of our halo model,
including the pseudo-phase-space density profile, in more
detail in Paper 2 of this series. There we will once again
compare our halo predictions to the recent Aquarius sim-
ulation results [6].
While the above self-similar prescription has its clear
advantages, it’s also unphysical since mass shells at
turnaround are radially cold. The same tidal torque
mechanisms which cause a tangential velocity dispersion
[23], should also give rise to a radial velocity dispersion.
For a more physical model, one would need to impose
self-similarity to a phase space description of the halo
and include sources of torque as diffusion terms in the
Boltzmann equation. This will be the subject of Paper 3
of this series.
As we’ve shown, the way in which particles are torqued
after turnaround (̟) influences the interior power law of
the density profile. One way to source this change in
angular momentum is through substructure that is as-
pherically distributed throughout the halo. It is reason-
able to assume that substructure dominated by baryons
torque halo particles more strongly than substructure
dominated by dark matter since baryons can achieve
higher densities and hence are not tidally disrupted as
easily. If this is the case, then torques sourced by baryons
would result in a larger value of ̟ than torques sourced
by dark matter. According to the predictions of this sec-
ondary infall model, this would lead to less cuspy profiles
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(See Appendix C for a more detailed discussion). There-
fore a more thorough understanding of ̟ coupled with
this simplified model of halo formation could potentially
shed light on the Cusp Core problem and thereby possi-
bly bridge the gap between simulations and observations.
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Appendix A: Calculating neff
The effective primordial power spectral index, neff , re-
lates our model parameter n to the halo mass M . The
effective index is defined by:
neff ≡ −2
d lnσR
d lnR
− 3 (A1)
where
σ2R ≡
∫
d3k
(2π)3
P (k)W 2R(k) (A2)
and
WR(k) ≡ 3
sin(kR)− (kR) cos(kR)
(kR)3
. (A3)
The scale R is set by the top hat mass of the halo (M =
4πρm0R
3/3), where ρm0 is the dark matter background
density today. The power spectrum today, P (k), is given
by [44]:
P (k) =
(
2k2
5H20Ωm
)2
PR(k)T
2(k)D2(a = 1) (A4)
where
k3PR(k)
2π2
= △2R(k0)
(
k
k0
)ns−1
, (A5)
D is the linear growth factor normalized so that D/a→
1 as a → 0, a is the scale factor, T (k) is the transfer
function and we choose cosmological parameters derived
fromWMAP7: △2R(k0) = 2.441×10
−9, h = 0.704, Ωm =
0.272, ns = 0.963, with k0 = 0.002 Mpc
−1 [45]. We
calculate T (k) using CMBFAST [46].
Appendix B: Tidal Torque Theory
We first derive eq. (28) using cosmological linear per-
turbation theory. Starting with the Zel’dovich approxi-
mation [30], we have:
r(q, t) = a(t)
(
q −D(t)∇φ(q)
)
(B1)
where r is the physical radius, q is a Lagrangian coordi-
nate, and φ, which is time independent, is related to the
Newtonian potential Φ through the following:
φ =
1
4πGρmDa2
Φ (B2)
where ρm is the dark matter background density. The
velocity, ∂r/∂t, then is given by:
v(q, t) = H(t)r(q, t)− a(t)D˙(t)∇φ(q) (B3)
where H ≡ d ln a/dt and dots denote derivatives with
respect to time. Therefore, to first order in φ:
(r − r0)× (v − v0) = −a
2D˙(q − q0)× (∇φ−∇φ0)
(B4)
where ∇φ0 ≡ ∇φ(q0). Plugging this expression into eq.
(27), taking an expectation value, defining x ≡ q − q0,
rewriting in terms of the velocity perturbation variable
Ψ ≡ −D∇φ and using index notation, we find:
< σ˜2 > =
a4D˙2
D2
ǫijkǫilm
∫
VL
d3xρma
3xjxl ×
<
(
Ψk(0)−Ψk(x)
)(
Ψm(0)−Ψm(x)
)
>C
(B5)
where ǫijk is the Levi-Civita tensor and VL is the La-
grangian volume of the halo. We assume VL is spherical
with radius xmax. Note that to linear order in φ, the
Lagrangian coordinate x is equivalent to a comoving co-
ordinate. The subscript C denotes an expectation value
taken over constrained gaussian fields since we want to
average only over peaks in the density field.
Using the formalism developed in [47], we choose, for
simplicity, to use the zeroth and first order derivatives of
the smoothed density field to constrain the velocity per-
turbation. Our treatment and conventions are identical
to that used in Appendix A of Ma and Bertschinger [48].
For more details, please refer to this reference. We find:
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〈Ψi(x)Ψj(x)〉C =
(
σ2Ψ −
η¯2(x)
σ21
)
(δij − xˆixˆj) +(
σ2Ψ −
x2η¯2(x)
σ20
−
(
ξ¯(x) − 2η¯(x)
)2
σ21
)
xˆixˆj (B6)
〈Ψi(x)Ψj(0)〉C =
(γ(x)
x
−
η¯(0)η¯(x)
σ21
)
δij +
(dγ(x)
dx
−
γ(x)
x
−
xη¯(0)
σ21
dη¯(x)
dx
)
xˆixˆj (B7)
〈Ψi(0)Ψj(0)〉C =
(
σ2Ψ −
η¯2(0)
σ21
)
δij (B8)
where:
σ2Ψ ≡
1
3
∫
d3k
(2π)3
k−2P (k) (B9)
σ20 ≡
∫
d3k
(2π)3
P (k)W 2R(k) (B10)
σ21 ≡
1
3
∫
d3k
(2π)3
k2P (k)W 2R(k) (B11)
η¯(x) ≡
∫
d3k
(2π)3
P (k)WR(k)
j1(kx)
kx
(B12)
ξ¯(x) ≡
∫
d3k
(2π)3
P (k)WR(k)j0(kx) (B13)
γ(x) ≡
∫
d3k
(2π)3
P (k)k−3j1(kx). (B14)
WR(k) and P (k) are defined in eq. (A3) and (A4) re-
spectively and the spherical Bessel functions are j0(x) =
x−1 sinx and j1(x) = x
−2(sinx− x cosx). Eq. (B7) cor-
rects an error in equation (A15) of Ref. [48].
Notice from eqs. (B6) through (B8) that the expres-
sions separate into terms proportional to δij and terms
proportional to xˆixˆj . The terms proportional to xˆixˆj
vanish in eq. (B5) because of the antisymmetry of the
Levi-Civita tensors. Eq. (B5) then reduces to:
〈
σ˜2
〉
M
= 2
a4D˙2
D2
∫
VL
d3xρma
3x2f(x,R) (B15)
where
f(x,R) = 2σ2Ψ −
2γ(x)
x
−
η¯2(x)
σ21
+
2η¯(0)η¯(x)
σ21
−
η¯2(0)
σ21
(B16)
Last, defining u = x/xmax, we find:
〈
σ˜2
〉
M
= 6
a4D˙2
D2
Mx2max
∫ 1
0
u4f(uxmax, R)du
≡ 6a4D˙2Mx2maxA
2(R) (B17)
In the above A has units of Mpc and xmax = R since the
scale of the galaxy today is equivalent to its lagrangian
size to linear order in perturbation theory. Note that
f/D2 is time independent.
Now, we derive eq. (30). Consistency with the sec-
ondary infall model demands that we assume Ωm = 1.
Equating the time dependence of eq. (28) and eq. (29)
for an Einstein de-Sitter universe (D = a) at early times
(rmax ∝ t
2/3), we find p = 2n where p = 2γ + 4. Given
this relationship, we now equate eq. (28) to eq. (29) and
solve for B. We find:
B =
2
3
√
2(7− 2n)a2
(
rmax
rta
)n−1
A(R)
rta
(B18)
where we’ve used eqs. (10) and (18) evaluated at early
times to cancel the mass as well as the relationship
rmax = axmax. Now we evaluate eq. (B18) at early times
since tidal torque theory only applies when the halo is
linear. To relate rmax at some initial time (ti) to rta
today (t0), we use the conservation of mass.
4π
3
ρB(ti)r
3
max(ti) =
4π
3
M(1)ρB(t0)r
3
ta(t0) (B19)
Evaluating eq. (B18) at ti with the use of eq. (B19) and
noting that rta ∝ t
β , we find:
B =
2
3
√
2(7− 2n)M(1)(n−1)/3
A(R)
rta(t0)
(B20)
As expected, the time dependence of B vanishes. Last,
assuming rta(t0) = R, we reproduce eq. (30). The quanti-
ties n,R,A(R) are calculated in an Ωm = 1 universe with
the same background matter density and power spectrum
of ΛCDM today. This ensures that the statistics, mass,
and size of halos in both universes are equivalent today.
As mentioned previously, eq. (30) overestimates the an-
gular momentum of particles at turnaround by a factor of
1.5 to 2.3. One potential source of error is to assume the
lagrangian volume is spherical. Assuming an ellipsoidal
lagrangian volume with axis ratios 1 : a : b, we find that
B is at most reduced by 8% when 0.5 < a, b < 1. The
discrepancy may be caused by not including higher or-
der constraints on the smoothed density field. However,
comparingB when calculated using zeroth and first order
derivative constraints with B when calculated without
using constraints results in only percent level differences;
so it seems unlikely that constraints would have a signif-
icant effect.
N-body simulations use friends-of-friends group finders
in order to identify halos and subhalos [49, 50]. This
algorithm, however, removes particles that are grouped
to neighboring halos and hence neglects a contribution
to σ˜2. Trying to mimick this selection effect, we replaced
eq. (B15) with
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〈
σ˜2
〉
M
= 2
a4D˙2
D2
∫ ∞
0
d3xe−x
2/2R¯2ρma
3x2f(x,R)
(B21)
where R¯ ≡ (2/9π)1/6R ensures that the mass enclosed
within the lagrangian volume is equal to the mass of the
halo calculated by the simulation. However, calculating
B in this manner leads to overestimating the angular
momentum at turnaround by ∼ 4, as opposed to ∼ 2
beforehand. Since f(x,R) is an increasing function of x
(f ∼ x1.34 near R for 1012M⊙ halos), most of the con-
tribution to A(R) comes from close to R. Therefore,
while the gaussian cutoff decreases the contribution to
B around R, it includes contributions beyond R, leading
to a worse estimate. This highlights that B significantly
depends on the outer parts of the halo. Hence, overesti-
mating B by ∼ 2 is reasonable.
Last, note that the parameter B is set during the lin-
ear regime. Assuming that the shell is dominated by
substructure at turnaround, nonlinear interactions like
dynamical friction and tidal stripping play an important
role from the time of turnaround to the first pericenter
passage [51, 52]. As time goes on, these effects become
less important since substructure in the shell becomes
subdominant. Including these extra interactions should
lead to smaller estimates of B at first pericenter passage
and hence potentially explain our overestimate, but is
beyond the scope of this work.
Appendix C: Evolution After Turnaround
In this Appendix, we use dimensional analysis in order
to gain intuition about ̟, a parameter that describes
tidal torque after turnaround. First, consider the time
derivative of L2, where L is the angular momentum per
unit mass of a particle with radius r at time t.
dL2
dt
= 2
(
r2(v · a)− (r · a)(r · v)
)
(C1)
In the above, a (v) is the acceleration (velocity) of the
particle. We now decompose the acceleration vector into
a radial (rˆ) and tangential (tˆ) component and use this
basis to rewrite the velocity vector.
a = arrˆ + attˆ (C2)
v = vrrˆ + vttˆ+ vppˆ (C3)
The direction pˆ is orthogonal to both rˆ and tˆ. Note
that all basis vectors depend on position. Plugging in
the above decomposed vectors into eq. (C1), we find:
dL2
dt
= 2r2vtat. (C4)
As expected, changes in L2 are sourced by deviations
from spherical symmetry that create nonzero at. Now,
imagine a spherically symmetric halo, roughly described
by our self-similar infall model with ̟ > 0, with a clump
of mass m in the shell at radius r2. We assume that m
is small enough so that it does not influence the radial
equation of motion of the shell at r. We focus on ̟ > 0
since this is required in order for the density profile of
a 1012M⊙ halo to be consistent with the NFW profile
(Section VIA).
Next, consider averaging dL2/dt over an orbital period
and over a spherical shell of radius r, in order to compare
the change in angular momentum sourced by the clump
at r2 to our model’s prescription for angular momentum
evolution. For ̟ > 0, orbits are roughly circular at late
times. Hence, we assume averaging over an orbital pe-
riod is equivalent to evaluating the right hand side of eq.
(C4) at roughly the apocenter radius of the shell. As
described in Section II, the orbital planes of all parti-
cles in a shell at r are randomly aligned. Therefore we
expect vt averaged over a sphere to vanish. However, if
there exists an excess mass m, then all the particles will
be pulled slightly in that direction, leading to a nonzero
average. We therefore assume vt ∝ Pat where P , the
orbital period of the particle, is taken to be a dynamical
time (P ∝ ρ(r)−1/2). Last assuming r ≪ r2, we find:
〈
dL2
dt
〉
∝
r2m2
r42ρ
1/2
. (C5)
In order for the secondary infall halo model to be con-
sistent, the right hand and left hand side must have the
same time scaling. Assuming m ∝ tµ, associating r and
r2 with their respective apocenters, and noting from eq.
(57) that r ∝ t2̟, r2 ∝ t
2̟, and ρ ∝ t−6̟, we find:
̟ =
1
3
(1 + 2µ) (C6)
The same scaling relationship holds for r ≫ r2. Hence
one could imagine substructure in the shell at r sourc-
ing a change in L2 of the shell at r2 and substructure
in the shell at r2 sourcing a change in L
2 of the shell at
r. Therefore, a hierarchy of substructure non-spherically
distributed, which is subdominant to the monopole con-
tribution of the halo, would result in a halo roughly con-
sistent with our described secondary infall model.
Eq. (C6), which is only valid for µ > −1/2 since we as-
sumed ̟ > 0, together with eq. (57) relates the steepness
of the inner density profile to the mass loss rate of sub-
structure. If the clump does not lose mass (µ = 0), then
̟ = 1/3 implies ρ ∝ r0. If the clump loses mass (µ < 0),
eq. (57) predicts steeper density profiles. Substructure
dominated by baryons will lose less mass than substruc-
ture dominated by dark matter, since baryons clump
more easily and hence have higher densities. Therefore,
according to the above analysis, pure dark matter simu-
lations should have steeper density profiles than galaxies
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which include baryons. This is expected since baryons
stir particles around more efficiently, causing larger peri-
centers and less dense interiors. A more thorough treat-
ment that involves constraining ̟ with simulations is
beyond the scope of this paper.
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